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Mean-field antiferromagnetism in the Hubbard model

Consider the Hubbard model on a bipartite lattice with L sites and periodic boundary conditions,

(a)

H = elh)el o0 + U S (it = )~ 5). (1)
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Perform a mean field decoupling H — Hyp around the site-dependent mean field

1

(njs — 5) = (~1Ymo, @)
(g1~ 5) = ~(~1)Pmo, (3)

What is the motivation for choosing this site dependence? What is the periodicity of Hyp?
The mean-field Hamiltonian can be written as Hyp = Hy + H| with
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Hy =" e(k)cl repr — Umo Y (=1) (ni — 3): (4)
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; 1
Hy = e(k)el e, +Umo Y (~1)'(ngy — 5)- (5)
k i
Now assume a 1D system with dispersion e(k) = —2tcos(ka). Introduce new operators oy, i in H| in

the reduced Brillouin zone Z,
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Diagonalize H| by applying a Bogoliubov transformation

ag, k€ [—7m/2a,m/2a]
ck\L = {

Qg = UpVk— + Ve Ykt Bk = —UkVh— + ULVt (7)

Why is it sufficient to do this for H |7

Use the diagonalized form of H| to solve at finite T for (ng, — 3)(my), the average down-spin density

on site 0 as a function of mg. Derive the self-consistency equation for the order parameter A = Umy,

A= % T EAktanh(BEk/Q), By = Ve(R)?2 A2, (8)
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(d) Write down the equation which determines T, and take the continuum limit. Solve the equation for a
constant density of states and plot T¢. versus U (U > 0). Hint: You can split the integral over energy e
into two parts, (i) fe < 1, and (ii) Be > 1, to simplify the tanh in the integrand.

(e) At T = 0, compute A in different limits:
(i) take constant density of states and split the integral over energy. How is the resulting A(T = 0)
related to T¢. from part (d)?
(ii) take the limit of large U/t > 1, which implies A > ¢.
Plot the resulting my.
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